Abstract. In section 1 we present the language of differential analysis in graded locally convex infinite dimensional vector spaces that was studied in [5] .
Introduction
We shall show how to construct compact supermanifolds having geometric structures determined by certain elements of
where
(T Γ M ) represents the smooth sections of the bundle
where by abuse of notation the "Γ" in T Γ M and T Γ M represents a finitely generated Grassmann algebra. The geometric automorphisms of these geometric structures will be seen to be diffeological Lie subgroups of the infinite c 2011 International Press dimensional Lie group of G ∞ diffeomorphisms of an a non trivial compact G ∞ supermanifold. Underlying the infinite dimensional Lie algebras of Cartan are geometric structures of differential geometry; such as contact structures, symplectic structures, and foliated structures. It is known [4] in the the compact case that the automorphism groups of these geometric structures are Lie subgroups of the Lie group of diffeomorphisms of the underlying differentiable manifold. We show this is also the case for the generalized contact and symplectic structures on graded G ∞ super manifolds.
Analysis in graded infinite dimensional topological vector spaces
We designate by N the natural numbers. Let Γ be the N graded Grassmann algebra over the reals, R, of super numbers generated by an arbitrary set X = {ξ i } i∈I , deg(ξ i ) = 1), when X is infinite we suppose that Γ is furnished with the topology given by the inductive limit of Γ K , for K ∈ J, where J is the collection of finite subsets of I ordered by inclusion and Γ K the finite dimensional subspaces of Γ generated by ξ i 1 , . . . , ξ in K . With this topology Γ is a complete locally convex topological vector space. Γ is a Z 2 graded commuatative (i.e. ab = (−1) |a||b| ba algebra, where |a| designates the parity of a. Γ with this topology will be used as our base ring when X is infinite. Note that Γ is a bigraded ((N, Z 2 )) ring, graded over the non-negative integers N by the the number of generators, ξ ∈ X in the expression of an element and by the Z 2 -parity of that number. When we consider Γ as a right Γ module there are two possible right Γ module structures potentially of interest for us.
Let Γ :Γ → R be the unique R − algebra homomorphism such that Γ (k1 Γ ) = k, k ∈ R, and set I(Γ) = ker( ), we have Γ = K1 Γ + I(Γ). Define a right Γ module structure on Γ noted Γ R by (k, γ)γ = (−1) |γ||γ | k˙ (γ ), γγ ), where k ∈ K, γ ∈ I(Γ), and γ ∈ Γ. Note that with this right Γ module structure Γ R remains a right bigraded Γ module. When the right Γ module structure on Γ is given by right Γ multiplication by abuse of notation we shall simply designate by Γ this right Γ module. Let Γ 0 (resp.Γ 1 ) be the even (resp. odd) Γ 0 -submodule of Γ.
Let V and W be topological graded modules over Γ 0 , a continuous mapping f : V × · · · × V → W is said to be an n − multimorphism when f is n-multilinear with repect to the ground field K and f (e 1 , . . . , e i γ, e i+1 , . . . , e n ) = f (e 1 , . . . , e i , γe i+1 , . . . , e n ), γ ∈ Γ 0 and f (e 1 , . . . , e n γ) = f (e 1 , . . . , e n )γ, γ ∈ Γ 0 .
In case Γ is finite dimensional a Γ-multimorphism is called regular when there exists a countably generated infinite dimensional algebra Λ containing Γ as a proper unitary subalgebra such that the map
Definition 1.1. Let V and W be topological graded modules over Γ 0 , given U ⊆ V open, a function f : U → W will be called super smooth when for every n ≥ 1 there exists continuous maps, which are regular k-multimorphisms in the k−terminal variables, for
satisfies the property that
Proof. In this proof we suppose that
Super smooth functions are smooth and therefore satisfy the classical theorems such as the chain rule.
Note that multiplication defines a super smooth map
Given a well-ordering, ≺, of I, we obtain an associated basis of Γ, {ξ i 1 , . . . , ξ in } of Γ, where i k ≺ i k+1 ; we shall call this basis a canonical basis of Γ.
To each of these basis elements is associated an unique 1 − morphism
It is straightforward to verify that as in the classical case
Given an open subset U of Γ. x 0 ∈ U , C ∞ (U, Γ) has the structure of a graded module over the ground field K determined by
Designate by Γ n 0 (resp. Γ n 1 ) the n-fold direct sum of the Γ 0 modules Γ 0 (resp. Γ 1 ) and suppose
Given a system of generators {ξ i } of Γ define a linear map
Proof. By definition Δ ξ i is a 1-morphism. To see that Δ ξ i is a derivation it suffices to consider Δ ξ i (γ 1 .γ 2 ) and to do an induction on the Z-grading of γ 1 . Definition 1.2. Let X ⊂ Γ be a set of generators of the Grassmanian algebra Γ. given an open subset U of Γ. x 0 ∈ U , a generator ξ ∈ X ⊂ Γ, and a smooth function f :
We have the following important proposition which is immediate from the definitions:
Designate by L n (Γ, Γ) the vector space of n-multilinear n-morphisms.
Proof. Recall that Df (x, .) extends to countably infinite generated Λ where
, is a Γ homomorphism, where Γ is acting from the right, such that
where |f | designates the parity of f.
Using the fact that a G ∞ super smooth functions f : U → Γ is a C ∞ smooth function we deduce from the Taylor series with Lagrange remainder that Proposition 1.6. Every smooth derivation D :
Diffeological lie groups and lie algebras
The details for this section can be found in [7] . Given the category M whose objects are manifolds modelled on the open subsets of complete Hausdorff locally convex topological vector spaces, and whose morphisms are Given diffeological spaces (
. We shall say that f is locally smooth at x 0 ∈ X 1 when given any smooth map, g ∈ F 1 , from a neighborhood, U , of 0 ∈ E,where f (0) = x 0 there exists a neighborhood,
When S is a C ∞ manifold we shall suppose without explicit mention to the contrary that it has its underlying diffeology given by F (C) being defined to be the set of C ∞ maps with domain N and values in S. We shall call this diffeology the canonical diffeology on the C ∞ manifold S.
Given a manifold M and a diffeological space (S, F ), a mapping, f , from a subset C ⊆ M to S is called smooth, when there exists an open neighborhood, U , of C and a smooth extension of f to U ,f : U → S.
Given any collection of diffeological structures on a set S, F i , we have that ∩F i is a diffeological structure, thus any assignment of functions,
Hausdorff locally convex topological vector space, generates a diffeology; namely, the smallest or finest diffeology containing the G S (U ). For the diffeology so generated we shall call G S (U ) a system of generators.
A useful notion for diffeological structures is that of the pull − back: given a diffeological stucture on a set T , (T, G), and a function, f :
It is straightforward to verify that f G is a diffeological stucture on S.
Given a subset S 1 ⊂ S 2 , where (S 2 , F 2 ) is a diffeological space, there is a diffeological structure induced on
, where i : S 1 → S 2 is the canonical inclusion. In the rest of this paper when we consider a subset of a diffeological space as a diffeological space it will be with the above described structure unless there is an explicit mention to the contrary. When C is an open subset of a graded Hausdorff locally convex topologoical vector space we shall call f of F S (C) a plot of the diffeological structure at a point s = f (x), x ∈ C.
Given diffeological spaces (X 1 , F 1 ) and (X 2 , F 2 ), and an open subset U of an complete Hausdorff locally convex topological vector space E a mapping f :
is smooth. The finest diffeology on C ∞ (X 1 , X 2 ) admitting these functions as generating plots will be called the function space diffeology on C ∞ (X 1 , X 2 ) or the canonical diffeology on C ∞ (X 1 , X 2 ).
It follows from the definitions that
Definition 2.1. We shall call a diffeological structure lattice or L type when given two plots f :
there always exists a third plot through which the germs of f at x and g at y factor; that is, there exists a plot h :
Suppose that (S, F ) is a diffeological space of L − type; consider the equivalence relation generated between germs of one dimensional plots at s ∈ S as follows: let f and g be one dimensional plots at s from domains open intervals C 1 and C 2 containing 0, we write f 0 ≡ g 0 , when f (0) = g(0) = s and there exists a plot k:U → S through which the germs of f and g factor at 0 and we have that
where h is any smooth real valued function defined on k(U ). The equivalence classes will be called tangent vectors at s, we shall designate the set of tangents at s by T s S.
It is immediate that a smooth map f : S → W defines a function T f :
When M is a manifold modelled on a locally convex topological vector space, this definition is equivalent to the classical one for the canonical diffeology associated to the manifold structure. Given a plot f : U → S, we use T f : T U → T S to define plots on T S and thus a diffeology on T S, in what follows T S will be considered as a diffeological space with the finest diffeology admitting such T f s as plots.
Given diffeological spaces (X 1 , F 1 ) and (X 2 , F 2 ) the Cartesian product diffeology
The cartesian product when considered as a diffeological space will be considered to have this cartesian product diffeology unless there is an explicit mention to the contrary.
A group G with a diffeology F on its underlyling set will be called a diffeological group when multiplication and inversion define smooth maps
One readily verifies that each diffeological group is of L − type.
In a similar vein we define other diffeological algebraic structures. Given a plot at the identity, e ∈ G, f :
In [7] we proved
Remark 2.1. Let {G, G} be a diffeological group and N a normal subgroup of G, then one has that G/N is a diffeological group, where the quotient diffeology on G/N is the diffeology generated by the sets of functions Let's recall a diffeological Lie group G is called regular when the logarithmic derivative f (t)f (t) −1 defines a diffeological isomorphism from the diffeological set of smooth mappings from the unit interval into G which map zero to the identity, e ∈ G, C ∞ 0 (I, G), to the diffeological set of smooth mappings from the unit interval into T e G, χ : 
real valued linear function H : E → R, we have H( (f )) = I H(f (t))dt and such that given any v ∈ E we have (f (t)v) = ( I f (t)dt)v.
We shall sometimes for the sake of clarity use the notation f (t))dt especially when f takes its values in a function space.
Given an integral diffeological vector space, E, f ∈ C ∞ (I, E), t ∈ I define t (f ) = (f (ts)t)ds A subspace, K, of an integral diffeological vector space, E, will be called closed when (C ∞ (I, K)) ⊆ K. Definition 2.4. Let K{x 1 , . . . , x n+2 } be the free associative algebra over the field K generated by x 1 , . . . , x n+2 , K{x 1 , . . . , x n+2 } is isomomorphic to the tensor algebra generated by an n + 2 dimensional vector space. Definition 2.5. Let L be an integral diffeological Lie algebra such that the linear plots of L are cofinal. A closed subalgebra, H, will be called strongly integrable when 
Φ(a(t), s, l, g(s)) = g(s) + [a(s), Φ(a(t), s, l)], Φ(a(t), 0, l) = l and such that Φ defines a smooth map (iii) Φ : C ∞ (I, H) × I × H × C ∞ (I, H) → H, such that (iv) Φ(a(t), s,,g) : H → H is a diffeomorphism which induces a diffeo
where Φ(f )(t) = Φ(a, t, f (t)) Example 2.2. Let M be a compact C ∞ manifold and let X (M ) be the Lie algebra of C ∞ vector fields on M .
It results from the classical theory of differential equations on a compact manifold that the canonical diffeology associated to the C ∞ topology on X (M ) renders a closed sub algebra H ⊆ X (M ) a strongly integrable Lie algebra.
We proved in [7] :
Let G be a simply connected, regular, diffeological Lie group with canonical diffeomorphism χ : C ∞ 0 (I, G) → C ∞ (I, T e G) and suppose that H is a connected normal subgroup of G such that there exists an integrable Lie ideal, H ⊆ T e H ⊆ T e G = G with a diffeological vector space complement, K in G, satisfying
(i) χ −1 (C ∞ (I, H)) ⊆ C ∞ 0 (I
, H); (ii) given h ∈ H suppose there exists a smooth path f : [0, 1] → H such that f (0) = e, f (1) = h, and χ(f ) ∈ C ∞ (I, H); (iii) given any k = 0 ∈ G/H, suppose there exists a smooth Lie algebra homomorpism φ : G/H → S, where S is the Lie algebra of a regular diffeological Lie group S such that φ(k) = 0.

Then H and G/H are regular diffeological Lie groups with Lie algebra H (resp. G/H.
Theorem 2.4. Suppose that G is a strongly integrable diffeological Lie algebra such that [a, f (t)] = [a, f (t)], where f (t) ∈ C ∞ (I, G) and a ∈ G. Then C ∞ (I, G) with its canonical diffeology is a regular diffeological Lie group with a group product given by
Proof. ( ) [7] provides C ∞ (I, G) with a group strructure. Since χ is a diffeomorphism of diffeological spaces it follows that C ∞ (I, G) is a diffeological group. It's Lie algebra is again C ∞ (I, G) with Lie product given by
To see that C ∞ (I, G) is an integral Lie algebra, suppose given a smooth F :
From the definitions and utilizing the equality ( f (x, y)dx)dy = ( f (x, y)dy)dx we obtain that this new :
Lie algebra stucture on C ∞ (I, G). The above integral structure on C ∞ (I, G) together with the strong integrability of G) implies the strong integrability of C ∞ (I, G). Definition 2.6. Given two smooth paths f, g : I → L into a diffeological Lie algebra, L, we say that f, g : I → L are Lie homotopic when there exists smooth maps from the square V, W :
It has been shown [7] that the subset N of C ∞ (I, G) consisting of paths Lie homotopic to 0 is a normal subgroup of C ∞ (I, G). Let Ω = {γ ∈ C ∞ (I, G) : C ∞ (I, G) .
From [7] we have 
A method of construction of non-trivial graded compact supermanifolds with non degenerate graded differential forms
For the rest of this paper we suppose that Γ is the finitely generated Grassmann algebra with generators: ξ 1 . . . ξ N , and suppose that C is the canonical basis of Γ associated to system of generators {ξ i }. Let M be the category whose objects are super manifolds modelled on the open subsets of the graded Γ 0 module V = Γ n 0 ⊕ Γ m 1 having G ∞ smooth maps of G ∞ smooth super manifolds as its morphisms. As in the classical case we may define the tangent bundle to a supermanifolds M to obtain a smooth vector bundle
where a vector α ∈ T x M is defined to be an equivalence classes of smooth curves through x, a(t), parametrized by an open interval containing 0 such that a(0) = x with the equivalence relation a ≡ a if and only if
This definition is equivalent to the choice of a vector in the modeling space α i ∈ E i , U i ⊂ E i and U j ⊂ E j , and φ i :
Definition 3.1. A supermanifold will be called pre-graded when the tangent bundle can be reduced to the group G of Γ 0 -automorphisms of
A pre-graded supermanifold is said to be graded when there exists a system of charts U = {U i }, φ i :
, and setting (fγ)(x) = f (x)γ. As in the classical case we identify a vector α i ∈ E i with the class of G ∞ curves in the direction of that vector and write ∂/∂x i (resp.∂/∂ξ i ) for the vector in the direction of η i (resp. δ(ξ i ) (1, x 0 ) ).
For the rest of this section we shall assume that our manifolds are graded supermanifolds and therefore that the fibers of Π M : T M → M have a canonically assigned gradation. The associated vector bundle with fiber 
be the associated bundle with fiber
Its fiber now is assigned a Z 2 grading by
Given a trivializing chart at
. . , n, is a basis of Γ over R, then a basis of T Γ x M over R can be given by dx j γ i , dξ k γ i and dx j , where
We place a Z 2 gradation on 2 − forms such that |ω| = |{X 1 , X 2 |ω}|
In the Z 2 -graded case we now define wedge algebra of a graded vector space V as follows: suppose that R is the graded ideal generated by α ⊗ β − (−1) |α||β| β ⊗ α in the doubly graded tensor algebra
where α and β are homogeneous elements of V . Proof. G is clearly nilpotent, we have only to establish that G/H is compact. Firstly order the entries of the matrix lexicographically; that is, so that the entries are simply ordered by (i, j) ≺ (k, l) if and only if i < k or i = k and j < l.
We now perform an induction vis-a-vis this finite lexicographic simple ordering of the matrix entries.
For a real number x, designate by ι(x) the integral part of
Now given a triangular matrix (t ij ) = T ∈ G suppose that there exists a pair k ≤ l such that the entries of T satisfy the property that t ij = p m=1
Let P kl be the matrix which differs from the n + m × n + m identity matrix I n+m only in the (k,l)th position where we suppose inserted −ι(t kl ) to obtain the matrix P kl . Now observe that the matrix (b ij ) = B = P kl T has the property that
The above establishes that given any matrix (t ij ) = T ∈ G there exists a matrix P ∈ H such that P T = B = (b ij ) has all of its entries basis ξ i 1 , . . . , ξ i k , . . . , ξ in .
The above implies that G/H is compact, and therefore that H ⊂ G is a discrete lattice subgroup of the connected nilpotent Lie group G.
The homotopy sequence of the fibration 
Now suppose that G 1 is modeled at the identity by the trivializing chart  (a 12 , . . . , a 1n+1 
Automorphisms of graded compact manifolds
It is known [5] that 
